We study ω-regularity of the solutions of certain operators that are globally C ∞ -hypoelliptic in the N -dimensional torus. We also apply these results to prove the global ω-regularity for some classes of sublaplacians. In this way, we extend previous work in the setting of analytic and Gevrey classes. Different examples on local and global ω-hypoellipticity are also given.
Hormander [33] , the finite-type condition is sufficient for the local hypoellipticity of P. But this condition is not sufficient for the local analytic hypoellipticity of P as it was first observed by Baouendi and Goulaouic [6] . Other classes of locally hypoelliptic operators that fail to be locally analytic hypoelliptic have been found, and there are important results on analytic regularity (see, f.i., [11, 12, [23] [24] [25] 36] and the references therein). All such operators also fail to be locally hypoelliptic in the setting of ultradifferentiable function spaces (see, Propositions 4.1 and 4.2 for example). Cordaro and Himonas [14] proved that the finite-type condition is sufficient for the global analytic hypoellipticity of some classes of operators in the form of a sum of squares of vector fields with real valued and real analytic coefficients. This result was further extended in Refs. [15, 30, 31, 37] . In particular, Himonas and Petronilho [30, 37] showed the global analytic hypoellipticity (and also the global Gevrey hypoellipticity) of certain operators of the type P = P(t, D t , D x ) defined on the torus T m+n with real valued coefficients in A(T m ) and globally hypoelliptic in T m+n (see [14, 15, 31] ).
During the last years, many papers have concerned with the study of global solvability and hypoellipticity of linear partial differential operators on compact manifolds, for example, torus, in large scales of functional spaces (see, e.g., [3] [4] [5] 7, 10, [14] [15] [16] 18, 20, 21, [27] [28] [29] [30] [31] [32] 37, 39] ). The theory of global properties of differential operators is not well developed in comparison with the theory of local properties. In particular, global properties are open problems except for some classes of operators. Several works treat the ultradifferentiable setting and treat especially the Gevrey and analytic cases (see, for instance, [3] [4] [5] 14, 15, 27, [29] [30] [31] 39] ).
Motivated by the recent work developed in [14, 15, 30, 31, 37] and in [1, 2] , we investigate the global hypoellipticity of linear partial differential operators defined on the torus T N in a bigger scale of spaces, namely, in the setting of ultradifferentiable classes as introduced in [9] . Actually, we prove the ω-regularity of solutions of operators of type P = P(t, D t , D x ) defined on the torus T m+n with real valued coefficients in E * (T m ) and which are globally hypoelliptic in T m+n . Therefore, we extend the previous work for Gevrey classes of Himonas and Petronilho [30, 37] (see, Theorem 3.1). As a consequence, we obtain some applications to sublaplacians that may satisfy the finite-type condition or may be of infinite type at most points, see Sect. 4. We also characterize the global ω-hypoellipticity of linear partial differential operators with constant coefficients in T N in terms of the symbol, see Proposition 3.1 (compare with [21, 22, 30] ).
Notation and preliminaries
In this section, we recall the definition of ultradifferentiable classes and ultradistributions of Beurling and Roumieu type, as well as the definition of wave front set in this setting and some needed results.
Throughout this article, | · | denotes the Euclidean norm on R n or C n .
Definition 2.1 A weight function is an increasing continuous function ω : [0, ∞[→ [0, ∞[
with the following properties:
If the integral is finite, then ω is called a non-quasi-analytic weight function. A weight function ω is equivalent to a subadditive weight if, and only if, the following property holds:
For a weight function ω, we defineω :
There is no loss of generality to assume that ω vanishes on [0, 1]. Then ϕ * has only nonnegative values, it is convex, and ϕ * (t)/t is increasing and tends to ∞ as t → ∞ and ϕ * * = ϕ.
Example 2.1
The following are examples of weight functions (eventually after a change on the interval [0, δ] for a suitable δ > 0):
The weight function in (3) is quasi-analytic for β ∈]0, 1] and non-quasi-analytic for β > 1. The weight function in (4) is also quasi-analytic. Moreover, all the weight functions above satisfy property (α 0 ). For further examples of quasi-analytic weight functions, we refer to [8] .
Definition 2.2 Let ω be a weight function. For an open set
and
The spaces E (ω) (Ω) and E {ω} (Ω) are endowed with their natural topologies. Then E (ω) (Ω) is a nuclear Fréchet space, while E {ω} (Ω) is a countable projective limit of (DFN)-spaces, which is reflexive and complete. The elements of E (ω) (Ω) (respectively, E {ω} (Ω)) are called ω-ultradifferentiable functions of Beurling type (respectively, of Roumieu type) in Ω. By E (ω) (Ω) and E {ω} (Ω), we denote the duals of E (ω) (Ω) and E {ω} (Ω). As usual, we also denote by E (Ω) the dual space of C ∞ (Ω). When ω is quasi-analytic, the elements of E (ω) (Ω) (respectively, E {ω} (Ω)) are called quasi-analytic functionals of Beurling (respectively, Roumieu) type. We observe that in the case ω(t) = t α , 0 < α ≤ 1, the corresponding Roumieu class is the Gevrey class with exponent s = 1/α. In particular, E {t} (Ω) coincides with the space A(Ω) of all real analytic functions on Ω.
We will write * to denote (ω) or {ω} when it is not necessary to distinguish between both cases.
If ω is quasi-analytic, the elements with compact support in 
as t tends to infinity, then for each constant l ∈ N, there is a constant C l > 0 such that
We also recall the notion of wave front sets in the setting of ultradifferentiable classes (see [1] ): 
For a weight function ω, let E * (T N ) be the space of all E * -functions on T N , which are identified with the E * -functions on R N that are 2π-periodic in each variable. Clearly,
is a Fréchet space whose topology is generated by the sequence { K π ,k } k∈N of norms and E {ω} (T N ) is a dual Fréchet nuclear space, that is,
show the following result that may be known for specialists.
Proposition 2.1 Let ω be a weight function and u ∈ E (T N ).
Then the following holds.
In the following, as usual, we denote
Now, let L ∈ N 0 and ξ ∈ Z N and choose i ∈ {1, . . . , N } such that
If we set α = Le i with e i being the ith vector of the standard basis of R N , we have
Combining this inequality with (2.3), we obtain that for each k ∈ N, there exists
By [1, Lemma 3.2] , this implies the thesis.
0 and x ∈ R N , we obtain that the series
is absolutely convergent. On the other hand, there exist
where
. Therefore, by (2.4) we deduce
Moreover, the convexity of ϕ * implies that
Combining (2.5) and (2.6) we obtain, for every k ∈ N, that there exists a constant
This means that u ∈ E (ω) (T N ).
(ii) The proof follows proceeding as in case (i) and using [1, Lemma 3.1].
As a consequence of Proposition 2.1, we easily obtain that the Fréchet space E (ω) (T N ) is isomorphic to the power series space of infinite type
and that the dual Fréchet nuclear space E {ω} (T N ) is isomorphic to the sequence space
(compare with [8, 34, 35, 38] ).
Definition 2.4 Let
). In case ω(t) = t 1/s with s ≥ 1 and the operator P is globally {t 1/s }-hypoelliptic in T N , we say simply that P is globally s-hypoelliptic in T N for s > 1 and globally analytic hypoelliptic in T N for s = 1.
The results
If P = P(D) = |α|≤m a α D α is a linear partial differential operator with constant coefficients on T N . By [21] , the operator P is globally C ∞ -hypoelliptic in T N if, and only if, there exist L , M, C > 0 such that
where [30] ) the operator P is globally s-hypoelliptic in T N if, and only if, for every ε > 0 there exists C ε > 0 such that 
(i) Suppose that ω(t) = o(t) as t → ∞. The operator P is globally (ω)-hypoelliptic in T N if, and only if, there exist L , m, C > 0 such that
(ii) The operator P is globally {ω}-hypoelliptic in T N if, and only if, for every ε > 0 there exists C ε > 0 such that
Proof We first recall that if u = ξ ∈Z Nû(ξ )e iξ ·x and f = ξ ∈Z Nf (ξ )e iξ ·x , then Pu = f if, and only if,
(i) Suppose that condition (3.9) holds and that
By (3.9) it follows that, for every k > m,
Again by Proposition 2.1(i), we have u ∈ E (ω) (T N ). Suppose that (3.9) does not hold. Then we can find a sequence {ξ m } m ⊂ Z N such that |ξ m | → ∞ and
by Proposition 2.1. On the other hand, if we set f = Pu, thenf (ξ m ) = P(ξ m ) for every m ∈ N andf (ξ ) = 0 otherwise. So, (3.11) ensures that for every k ∈ N there exists C k > 0 such that
Again by Proposition 2.1 we can conclude that f ∈ E (ω) (T N ).
(ii) follows proceeding as in the previous case.
Since log(t) = o(ω(t)) as t → ∞, condition (3.7) implies both conditions (3.9) and (3.10). Then, if P = P(D) is globally C ∞ -hypoelliptic in T N , then it is also globally (ω)
and {ω}-hypoelliptic in T N . Moreover, it is clear that condition (3.10) implies condition (3.9) . This means that if P = P(D) is globally {ω}-hypoelliptic in T N , then it is globally (ω) -hypoelliptic in T N . But, in case ω and σ are two weight functions such that ω = o(σ (t)) as t → ∞ and hence
From [19] it follows that for a fixed σ ≥ 1, there exists α = α(σ ) ∈ R \ Q such that the vector field V = ∂ x 1 − α∂ x 2 (already considered above) is globally s-hypoelliptic in T 2 if 1 ≤ s ≤ σ , but V is not globally s-hypoelliptic in T 2 if s > σ, and hence, it is not globally C ∞ -hypoelliptic in T 2 . So, by the preceding comments, the vector field V = ∂ x 1 − α∂ x 2 is also globally {ω}-hypoelliptic and, hence, globally (ω)-hypoelliptic in T 2 for every weight function ω satisfying the condition t 1/s = O(ω(t)) as t → ∞ for some 1 < s < σ with σ > 1 fixed, but not globally C ∞ -hypoelliptic in T 2 . Now, we show that the global C ∞ -hypoellipticity in T N of a linear partial differential operator P = P(x, D) with variable coefficients also implies the global * -hypoellipticity of P in T N under mild conditions. We first collect some preliminary results.
For ϕ ∈ C ∞ (T N ) and j ∈ N 0 let
is a Hilbert space with respect to the inner product and norm defined by
So, the following continuous embeddings hold:
Such embedding maps have dense range. We also let, for s > 0,
is also a Hilbert space with respect to the inner product and norm defined as above. In particular, H s (T N ) and H −s (T N ), for s > 0, identify with each other's dual space by duality. Moreover, for
are continuous with dense range. Also, we have
Finally, we remark that if {s n } n∈N is an increasing sequence of positive numbers such that s n → ∞, then { s n } n∈N is a sequence of norms also generating the Fréchet topology of
We need the following lemma.
Lemma 3.1 Let P = P(x, D) be a linear partial differential operator with coefficients in C ∞ (T N ).
If P is globally C ∞ -hypoelliptic, then for every j ∈ N 0 , there exist c j > 0 and h ∈ N 0 with h ≥ j such that
Proof Observe that P is a well-defined continuous linear operator from E (T N ) into itself and that
. Then, the operator P r defined by
is closed when D(P r ), that is a subspace of H −1 (T N ), is endowed with the topology induced by the Hilbert space H −1 (T N ). On the other hand, by the global C ∞ -hypoellipticity of P, we have D(P r ) = C ∞ (T N ). Thus, the operator
is the graph set of P r , is well-defined, linear and closed when G P r is endowed with the Fréchet topology induced by
and hence a Fréchet space with respect to the induced topology, we can apply the closed graph theorem to conclude that J is continuous. Now, as the sequence { j +| | −1 } j∈N 0 of norms generates the Fréchet topology of
, it follows that for each j ∈ N 0 , there exist c j > 0 and h ∈ N 0 with h ≥ j such that
for all ϕ ∈ C ∞ (T N ). The proof is complete.
Theorem 3.1 Let ω be a weight function satisfying property (α 0 ) and write, as usual, * for {ω} or (ω). Let T N = T m+n and write (t, x) ∈ T m+n for t ∈ T m and x ∈ T n . Moreover, if * = (ω), we assume that ω(t) = o(t) as t → ∞. Let P = P(t, D t , D x ) be a linear partial differential operator with coefficients in E * (T N ) and suppose that P is globally C
Moreover, by Lemma 3.1 there exist c 0 > 0 and h ∈ N 0 such that
ϕ| 0 where e j is an element of the standard basis of R n such that the corresponding α j ≥ 1, [∂ α x , P] = 0 for every α ∈ N n 0 as the coefficients of P depend only on t and Pu = f , we obtain via (3.13) that
To conclude the proof, we need distinguish two cases: (B) Beurling case and (R) Roumieu case.
(B) Beurling case. Since f ∈ E (ω) (T N ), there exists A > 0 such that for each k ∈ N there exists C k > 0 for which
Consequently, the following holds.
Lemma 3.2
There exists E > 0 such that for every k ∈ N there exists E k > 0 for which
Proof Fixed any k ∈ N, the proof is given by induction on |α|.
For α = 0, we have u 0 = E 0 ≤ E 0 e kϕ * 0 k as ϕ * (0) = 0. Let α ∈ N n 0 with |α| > 0 and suppose that the result holds for all β ∈ N n 0 with |β| < |α|. By (3.14), since ϕ * is a non-negative convex function and ϕ * (t)/t is an increasing function, we have
Here, D k = |β|≤h A |β| e kϕ * |β| k > 0 depends only on h, f and k. Let E = AM with M > 1 such that E ≥ E 0 and let E k = max{C k D k , 1}. Then the inequality above gives that the result follows if
that is, if
Therefore, if we take M big enough in order that c 0 1 M + 1 AM ≤ 1, the inductive step is proved and the proof of the lemma is complete.
End of the proof for the Beurling case. By Lemma 3.2 there exists
by (3.17) we have, for each k ∈ N,
Next, let L ∈ N 0 and ξ ∈ Z n . Then we select i ∈ {1, . . . , n} so that |ξ i | = max 1≤ j≤n |ξ j |.
If we set α = Le i , where e i is the ith vector of the standard basis of R n , we have
By (3.18) it follows, for each k ∈ N, that there exists
Now, by Lemma 3.2 of [1] this means that for each
This implies that, for each k ∈ N,
and hence, as ω is an increasing function, this yields that
Now, since ω also satisfies property (α 0 ), there exist D > 0 and t 0 > 0 such that
for |(τ, ξ )| ≥ 2ct 0 . Therefore, if for each k ∈ N we set [18] ),
and hence (3.25) where S = {σ weight function : σ 0 ≤ σ = o(ω)} with σ 0 and ω two weight functions such
for any (t, x) ∈ T m+n and τ ∈ R m \ {0}, it follows from (3.24) and (3.25) that, for every σ ∈ S, Pu ∈ E (σ ) ( T N ) and (t, x, τ, 0) ∈ W F (σ ) (u) for any (t, x) ∈ T m+n and τ ∈ R m \ {0}. Since the coefficients of P belong to E {ω} (T N ) and hence also belong to the space E (σ ) (T N ) for σ ∈ S, we can apply the already proved Beurling case to conclude that u ∈ E (σ ) (T N ) for every σ ∈ S. Therefore, (3.25) implies that u ∈ E {ω} (T N ).
Applications
Now, we study the global * -hypoellipticity for some classes of sublaplacians, whose global G s -hypoellipticity for s ≥ 1 was treated in [14, 15, 30, 31, 37] . For the notation see, for example, [14, 15] .
Theorem 4.1 Let ω and σ be two weight functions such that σ satisfies property (α 0 ), and ω(t) = o(σ (t)) and ω(t) = o(t) as t → ∞. Let T N = T m+n and
with a jh , b jk ∈ E {σ } (T m ) and real valued. Let c ∈ E {σ } (T m ). Moreover, suppose that the following conditions are satisfied:
We recall that a point in T N is of finite type for X 1 , . . . , X l if the Lie algebra generated by the vector fields X 1 , . . . , X l spans the tangent space of T N there.
Proof By condition (i), we can apply Hormander's Theorem [33] to conclude that P is locally C ∞ -hypoelliptic and, hence, globally C ∞ -hypoelliptic in T N . On the other hand, let
.15] for non-quasi-analytic weight functions). So, we can apply Theorem 3.1 to conclude that u ∈ E (ω) (T N ).
The Roumieu version of Theorem 4.1 continues to hold for c depending also on both variables t and x as in [31] . Indeed, we have 
with a jh , b jk ∈ E {ω} (T m ) and real valued. Let c ∈ E {ω} (T N ). Moreover, suppose that the following conditions are satisfied:
Proof In case c(t, x) = c(t) for all (t, x) ∈ T m+n , the result follows from Theorem 3.1 as in Theorem 4.1. In case the function c depends on both variables t and x, the proof is not a consequence of Theorem 3.1. In fact, here the commutator [∂ α x , P] = 0 and we need a different subelliptic estimate from (3.12).
We recall from [15, Lemma 2.1] that there exist c 0 > 0 such that
ϕ| 0 where e j is an element of the standard basis of R n such that the corresponding α j ≥ 1. Since the vectors fields X 1 , X 2 , . . . , X l depend only on the variable t, and hence commute with ∂ α x , we obtain via (4.26) that 
Proof The proof is given by induction on |α|. Since ϕ * (0) = 0 we have
Let α ∈ N n 0 with |α| > 0 and suppose that (4.29) holds for all β ∈ N n 0 with |β| < |α|. The dependence only on the variable t of the vectors fields X 1 , X 2 , . . . , X l gives
As in [1] , since ω satisfies (α 0 ) we can assume that it is equivalent to a subadditive weight function and then
By the inductive hypothesis and by (4.28), we obtain that
Then, by (4.27) we obtain
We look for B of the form B = M A, for some M > 1. Then, it suffices to choose M such that
The conclusion follows as in the proof of [31, Lemma 3.1] .
End of the proof of Theorem 4.2. By Lemma 4.1 there exist B > 0 and l ∈ N such that
It follows from (4.30) that
The same argument used in the proof of Theorem 3.1 for the Beurling case gives (see formula (3.19) ), by (4.31),
Since L and ξ are arbitrary, we can apply Lemma 3.1 of [1] to conclude that there exist ε > 0 and C > 0 such that
This implies that
Since ω is an increasing function and satisfies property (α 0 ), we can argue again as in the proof of Theorem 3.1 for the Beurling case to show via (4.32) that there exist ε > 0 and E > 0 such that 
is globally (ω)-({ω}-) hypoelliptic in T 3 for every weight function ω satisfying property (α 0 ) if the function a belongs to A(T) and is real valued and not constant on T. We recall that the global analytic and Gevrey hypoellipticity of P 1 was already established by Cordaro and Himonas [14] and by Himonas and Petronilho [30] and that P 1 is not in general locally analytic hypoelliptic. Indeed, Hanges and Himonas [23] proved that if a(t 1 ) = t k−1 1 , k = 3, 5, 7, . . ., then P 1 is not analytic hypoelliptic at 0. Christ [11] extended this result for all k ≥ 3 and improved it in [12] showing that P 1 is not analytic hypoelliptic at 0 for any analytic function a(t 1 ) with a(0) = a (0) = 0. We prove that P 1 is also not locally * -hypoelliptic for some weight function ω. Proof Since, by [12] , P 1 is not analytic hypoelliptic at 0, there exists u 
we can conclude that P 1 is neither {σ }-hypoelliptic nor (σ )-hypoelliptic at 0 for all weight function σ satisfying ω(t) = o(σ (t)) as t → ∞. is globally (ω)-({ω}-) hypoelliptic in T 3 for every weight function ω satisfying property (α 0 ) if the functions a and b belong to A(T) and are real valued and not identically 0 on T. It is known that the operator P 2 is globally analytic and Gevrey hypoelliptic on T 3 , see [14, 30] , but P 2 is not in general locally Gevrey hypoelliptic. For example, Christ [13] proved that, if a(t) = t p−1 and b(t) = t q−1 , for some 1 ≤ p ≤ q ∈ N, then P 2 is locally Gevrey hypoelliptic for every s ≥ q/ p, but it is not locally Gevrey hypoelliptic in any class G s with s < q/ p. These operators include the well-known Baouendi-Goulaouic operator ∂ 2 t +∂ 2
. Also in this case, we have that P 2 is not locally * -hypoelliptic for some weight function ω. 
(U ). Since E (σ ) (U ) ⊂ E {σ } (U ) ⊂ E (ω) (U ) and G s (U ) ⊂ E (σ ) (U ) for all weight function σ satisfying ω(t) = o(σ (t)) and σ (t) = o(t 1/s )
as t → ∞, we can conclude that P 2 is neither {σ }-hypoelliptic nor (σ )-hypoelliptic at 0 for all weight function σ satisfying ω(t) = o(σ (t)) and σ (t) = o(t 1/s ) as t → ∞.
We end the paper with another application of Theorem 3.1 to a class of operators which may be of infinite type in the setting of non-quasi-analytic ultradifferentiable classes. (u) for any (t, x) ∈ T n and τ ∈ R m \ {0} as P is elliptic at every point t ∈ T m . We can apply Theorem 3.1 to conclude that u ∈ E (ω) (T N ).
In the Roumieu case, the result follows in a similar way.
We remark that the operator P in (4.37) may be of infinite type at most points and is not locally hypoelliptic if the weights are non-quasi-analytic, see [26, Remark 1.1] .
